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Abstract: A discussion is given of the problem of computing including estimates of the range of a complex rational 
function over a circular complex interval. For this purpose, rational circular complex centered forms are defined. 
Explicit formulas are given for the first few forms and these formulas are used to prove that forms of higher order are 
an improvement over the forms of lower order. The forms are furthermore shown to be quadratically convergent. 
A semi-centered form is also discussed. This form is shown to be quadratically convergent depending on some 
conditions on the coefficients of the polynomials defining the complex rational function. 
FinaJly, a number of numerical examples are given showing the improvements obtained using the circular centered 
forms as compared to simple circular complex rational function estimations. 
Keywords: Internal analysis, complex analysis, circular arithmetic, centered forms. 
1. Introduction 
Explicit centered forms for real rational functions were given by Ratschek [15]. These forms 
are here generalized to centered forms for rational complex functions. 
Explicit formulas are developed for the first and second order centered forms for circular 
complex rational functions, the forms are shown to form an inclusion chain and to be 
quadratically convergent in the sense given in [23]. The semi-centered form for circular complex 
rational functions is similarly defined and discussed with respect to convergence. 
Complex centered forms were also defined by Krawczyk [6]. He uses the idea of a function-slope 
and his forms have the advantage of having a low computational complexity. The forms 
discussed here have the advantage that they can be described explicitly, thus permitting us to 
perform some analysis on the forms. 
Some of the results presented here appeared in two reports [25,26]. 
2. Interval analysis 
Interval analysis, developed by Moore in [lo], is now a well established tool in the numerical 
analysis/computer science interface as evidenced by papers and recent books [1,11,17]. Theoreti- 
cally coefficient intervals and solution sets are developed that include solutions to numerical 
analysis problems. Practically, these can be evaluated on a computer using the machine interval 
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arithmetics that make allowances for the finite precision in the floating point representations. 
In this paper the notation I(R) will be used to denote the set of all real compact intervals 
X z R such that if X E I(R) then X = [a, b], a, b E R. If X, YE I(R) then binary operations 
{+, *, -,/] are defined as in [lo]. 
The extension of an interval to the set of complex numbers @ is achieved through the use of 
some convenient subsets of Q=. In Gargantini and Henrici [3] the choice was made to use circular 
disks 
z= {ZI (z-c] <p, ZEC}, PER, p>,O. 
Axis parallel subsets of the complex plane were used by [1,22]. In this paper circular disks are 
used since they provide a natural framework for the extension of the centered forms to the 
complex plane. 
In the sequel C(C) is the set of all circular disks (or disks or circular complex intervals). A disk 
Z E C(C) may also be written as 
Z= (c, p) = (mid(Z), rad(Z)) 
where c E @, 0 < p E R and where c = mid(Z), p = rad( Z). 
Arithmetic operations on C(C) were introduced by Garagantini and Henrici [3]. They defined 
the operations in the following manner: 
Let 
Z=(c, P), zi=(ci, pi) EC(@), i=l, 
then 
a+Z=(a+c, p), 
aZ=(ac, l4P), 
C ‘i = C ‘I> C Pi > 
i=l i=l i=l i 
z,z*=(%~ lc1lPz+ Ic2lPl+PlP2L 
. . . , n and a EC 
0) 
(2) 
(3) 
(4 
Z,/Z,=(c,*& Ic1IPz+ Ic21P1+P1P2)/(Ic212-P22) ifP,< lc2l. (5) 
Let * denote any one of the operations described in (l)-(5). If Z,, Z, E C(@) (Z, = a if 
operation (1) or (2)) then it follows that 
{zr * 22121 EZ19 Z2EZ2} cz, * z, 
and equality holds for all operations except (4) and (5). Furthermore if Zi E C(C), i = 1, 2,. . . ,4 
and if Z, E Z, and Z, E Z, then Z, * Z, c Z, * Z, (inclusion isotony). 
The commutative and associative laws holds for the operations + and . , but the distributive 
law does not hold. As in the real case [lo] only the subdistributive law 
z,( z, + z,) c Z,Z, + Z,Z, (6) 
is valid. 
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NOW let 2, = (a,, C:=, 1 a, I) and 2, = (b,, Coil 1 bj ( ). The following identity, required in 
the sequel, is then easily verified: 
The general problem of arithmetics of complex sets was considered in [12] where it was shown 
that using only a finite number of parameters to describe the sets it is not possible to find a 
system of sets closed under the operations { + , - , * , /}. 
3. Simple estimates for the range of a complex rational function 
is 
Let p(z) = C:,,u,z’ and q(z) = Cy=obl~i be two complexpolynomials. Then f(z) =p(z)/q(z) 
a complex rational function. 
The basic problem now is to compute good circular outer estimates of the range set 
f”(Z)= UbHz~Z~ 
for f(z) over the disk Z E C(C). 
The set f”(Z) is generally not a disk which means that the requirement that the estimates be 
circular disks implies that the range can not be computed exactly in C(c). We are therefore only 
able to compute disks that include the range. 
The problems relating to computing good inclusions for the range of a function have been 
extensively studied in a sequence of papers [15,16] for real polynomials and real rational 
functions as well as in a monograph [17]. 
The basic principle employed is that of the natural interval extension of a function (real or 
complex). For this let f(z) be a given function defined as an expression by a sequence of data 
items and basic arithmetic operations. (These are the functions realiable on a computer.) If each 
data item is replaced by an including interval and each operation by the corresponding interval 
operation, then the resulting interval evaluation is called the natural extension of f(z) over Z, 
written as f(Z). The interval evaluation f(Z) then gives an including interval for f”(Z). 
For each function f(z) there is an infinite number of possible expressions. Among these it was 
found that the so-called centered form functions [16] provided some advantages. 
A centered form function for f(z) is a function of the form 
f (z> =f (4 + (z - Mz> 
for some g(z) (see also [lo]). The interval evaluation of this function over Z = (c, p) is then 
called the centered form of f(z) over Z. The centered form was found to be quadratically 
convergent under liberal conditions on g(z) (see [7]). 
Centered forms for complex polynomials were investigated in [13,14,4] and centered forms for 
complex circular rational functions were briefly considered in [23] and [6]. Here we consider the 
latter in more detail. 
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All estimations that are now obtained in this paper are based upon various systematic 
rearrangements of the order in which the operations are performed in the evaluation of f(z). 
Because of the properties of the arithmetic defined by (l)-(5) the different rearrangements will 
give different results as stated earlier. It will be shown in the sequel that some arrangements are 
better than others for a variety of reasons. 
Two basic methods are now discussed for obtaining such estimates. 
In the first method the polynomials p(z) and q(z) are represented by their power-sum 
functions (that is p(z) = a, + ulz + * . . +a,~” etc.). An estimate of f”(Z) is then obtained from 
the interval extension of this function. The final disk computed called the power-sum form is 
denoted by f,(Z) = Z, = (cr, pr). 
We now define 
A= 14(412-( it P,I((lcl++ lclq2. 
k=l 
(8) 
and note that A will always denote this quantity in the sequel. 
For this method we have the following lemma. 
Lemma 1. Let the rational function f(z) =P(z)/q(z) b e evaluated using the power-sum function 
over the disk Z = (c, p). Then the 
fP@) = z, = @PY PP> 
satisfies 
resulting disk, the power-sum form 
cp = W4(P~c~q(c))~ 
Pp=$ IPk>l+ Ii 
k=l 
x 14(c)I+k~IIb,I((lcl+P)“- Iclk)- IPkl Ol} 
I 
as well as f”(Z) G Z,. 
Proof. In [23] it was shown that if p(z) = C~,Oa,zi then evaluating the power-sum function of 
p(z) over Z = (c, p) resulted in Z’ = (c’, p’) where 
c’=p(c), P” kYi~l%li(lcl+PY- Iclk). 
Similarly for q(z) = CF!Obizi we obtain Z” = (c”, p”) where 
C ” = q(c), p”= kiE~l~xl((lcl+PY- Iclk). 
Since Z, = Z’/Z” we obtain the explicit formula using (7). 
The inclusion property is an immediate consequence of the inclusion isotony of the operations 
(1) to (5). 0 
J. G. Rokne / Rational circular complex centered forms 313 
In [23] we discussed the centered form for complex polynomials p(z) = C~,,a,z’. The 
expression for p(z) over the interval 2 = (c, p) E C(C) was there given by 
p&z) = i Jc$J(z - cy. 
iso * 
The centered form is then the circular complex evaluation of PC(z) over 2. 
A second method for estimating the range of f(z) over 2 E C(C) is therefore 
follows. First the centered forms of p(z) and q(z) over Z are computed obtaining 
and Z” respectively. Then the quotient of Z’ and Z” is computed obtaining 
fs ( z) = z, = ( cs ) ps) = Z’/Z”. 
obtained as 
intervals Z’ 
This estimate is called the semi-centered form. It is similar to the estimate discussed in [2] for 
real rational functions. 
We define 
B= lq(4(2- t lq”;y pi 2. 
i=l 
(9) 
(In the sequel B will always denote this quantity.) We have the following result for the 
semi-centered form. 
Lemma 2. Let the complex rational function f(z) = p( z)/q( z) b e evaluated over Z = (c, p) as the 
semi-centered form. Then the resulting disk 
fs(Z> = ZS = (CS’ Ps) 
satisfies 
cs = WB)(P(433)9 
psz; ,i ‘p 
i 
“‘(‘) I pi f I q”‘(‘) 1 pZ _ ( p(c)q(c) ( 
r=O i! i=O i! I 
as well as f”(Z) C Z,. 
Proof. From [23] the centered form of p(z) and q(z) over Z satisfy 
Using (7) and rearranging we obtain the explicit formal result. The inclusion property is again an 
immediate consequence of the inclusion isotony of the operations (1) to (5). q 
These two forms both have the property that they include the range as shown. Numerical 
examples show, however, that the disks Z, and Z, may have radii ps and pp for which both 
ps 3 pp and pp I ps are possible. 
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4. The circular complex centered form 
In [23] the generalization of the rational centered form to the rational circular complex 
centered forms was suggested. Here the computational and analytic properties of these forms are 
investigated. The computational procedure used is the one suggested in [21] for real rational 
functions because of its inherent simplicity. 
We are again concerned with inclusions for a rational function f(z) =p( z)/q( z) over 
2 = (c,p) E C(C) where p(z) = C:,,a,z’ and q(z) = C~&b,z’. 
The centered forms are computed as follows. In a preprocessing stage the centered form 
functions J+.(Z) and qC(z) are computed for the polynomials p(z) and q(z) (these are the 
Taylor expansions of p(z) and q(z)). 
The centered form functions fc(,,( z) as well as the centered forms f&,,(Z) for Z E C(C) are 
then computed using the following procedure: 
Step 1 
Step 2. 
Step 3. 
Step 4. 
Step 5. 
Let p:(z) =pC(z), evaluate U= q&O) ( qC(0) = q(c)) and set index i = 1 and k = 
max(n, m). 
Set T =p;(O) ( constant term of pE( z)) and compute g,_ 1 = T/U. 
Compute the remainder polynomial 
k(Z) = 1 P,*(Z) - qc(z) *g,-Mz - c). 
Replace p:(z) by ~c(z). 
Evaluate 
Step 6. 
z$)=g,+g,(z-c)+ -0. +gi_l(z-c)‘~‘+ #(z- c)l. 
c 
Set i + i + 1 and go to Step 2. 
This produces a sequence Zg), Z$), . . . where Z$) = fcci,( Z), that is, the centered form of 
order i. 
For the centered forms we have the following interesting result. 
Lemma 3. Let the rational function f(z) =p(z)/q(z), p(z) = C:,ouiz’, q(z) = CLobizi be 
evaluated as centered forms of order i, i = 0, 1,. . . over the disk Z = (c, p). Then the resulting 
disks 
fC,,,(Z) = Z$) = @C(i), PC(i)) 
satisfy 
ccCrj =f(c), i = 1, 2 ,..., 
‘~ i, ( lq”‘(c) I z”c:’ ’ k(l) = > ix0 Iq(&+l)! Ip ““‘(C)q(c) - q”+“(c)p(c) I] (9) r=O 
where k = max( n, m), 
p2iY i! 
i 
1q”‘(C) ( &l i 
k(2) = z 
1=0 i=o 14(c) ;i + 0 
1 rCi+l)(c)q(c) - q(‘+l)(c)r(c) 1 
(10) 
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where r( 2) = C,k,t ___ r(i)ic’ (z - c)~ and 
‘yc) = l 
q(c)(i + l)! 
{ p”+“(C)q(c) - q(‘+‘)(c)p(c)}(z - cy 
and where I = max(k, m). 
Furthermore 
f(Z) Cf~(i)(z)> i=l, 2,.... 
Proof. The rearrangement necessary for the centered form function of the first order over 
2 = (c, p) can be written as 
f&I,(Z) =f(c) + MMcW(z - 4 01) 
where the Taylor coefficients of rC( z) are defined as 
r(‘)(c) = ’ 
q(c)(i + 1) Ip 
‘i+l’(C)q(c)-q’i+l’(c)p(c)}, i=O,...,k-7 
and where rC( z) is a centered form function. The evaluation of f&,(z) in the above form over 2 
then recursively results in the centered form f&,( 2). 
Consider now the rational function 
Since both rC( z) and qC( z) are centered form functions for r(z) and q(z) it follows that g,(z) is 
the semi-centered form function for the function g(z) = g,(z) (where equality is understood in 
terms of functions). The evaluation of gs( z) over 2 = (c, p) results in an interval 
t%(z) = f wm~ c 
i 
k-1 Ir(i)(c) I Pi E Iq”‘(‘) I Pi _ 1 r(c)q(c) 1 
i=O 
i! 
i=O 
i! 
1 
using (10). 
Noting now from (11) that the centered 
f&I,(Z) =f(c) + g,(z)@ - 4 
it follows that 
form function of first order for f is 
a? =fcy1,(Z) =
i 
P f(c), z x0 m I 4’i’(c) I p~kcl I ‘(‘)(‘) I $ i! 
i=O 
i! 
= !Cc), + ,t wjy I py I P’i+“‘cM;; ,p:‘;;,(c)P(c) I /)I 
t r=O i=O 
Continuing this process we develop the first centered form function for g(z) as 
024 
&(l)(Z) = g(c) + (&+)/q,(z))(z - 4 
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where the Taylor coefficients of sc( z) are given as 
s(i)(c) = 
Y(‘+yc)q(c) - q(‘+‘yc)r(c) 
q(c)(i+l) , i=O, I,... max(k - 1, m) - 1. 
Evaluating g,(l)( ) z over 2 = (c, p) we obtain the first centered form for g(z) as 
fk(l,W = 
i 
r(c) 
4(c)‘AC 
p m 1 q”‘(C) 1 l-l 1 r’i’1’(c)q(c) - q(‘+yc)Y(c) 1 pi 
z=o 
i! PIE i=o 14(c) I (i + v )- 
The second centered form function for f(z) can now be written as 
f&&4 =f(c] + g&)(z - 4. 
Explicitly it is evaluated over Z = (c, p) as 
r(‘+yc)q(c) - q(‘+‘)(c)r(c) pI 
using a simple calculation. 
The inclusion property is again a direct consequence of the inclusion isotony. 0 
With (12a) and (12b) we now have explicit representations of the centered first and second 
order. 
5. Inclusion properties 
In [15] Ratschek showed that the centered forms of higher order for real rational functions 
gave increasingly better inclusions for the range of the rational function. 
Using the results of the previous section we now show that the same is true for the complex 
centered forms defined here. 
Theorem 1. Letf(z) =p(z)/q(z) withp(z) = Cl= Oal~i and q(z) = C~sObiz’ be a rational function 
with centered form functions fccl,( z) and fcc2)( z) at C E Q=. 
If Z= (c, p) then 
fl(Z) Gf&)(Z) CfcJZ). 
Proof. Let Z’ = (z’, p’) = fccl,( Z) and Z” = (z”, p”) = fcc2)( Z). Since z’ = z” = f (c) from 
Lemma 3, the theorem is proven if p” < p’. We therefore consider 
D = p’ - p” 
p 2 ) q”‘(C) I zkcl I r(Yc) I pi 
=- 
B i-0 i! i=O i! 
where again k = max( m, n) and 1= max( k, n) and where r(z) is defined as in Lemma 3. 
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Now let 
m Id”(C) III+= Idc)l+ c i! ‘I’ In I P(4 I B- = I q(c) I - c 
i=l i=l 
i! ‘I 
then B = B+B-. 
Multiplying D by the positive quantity B- I q(c) I/p and setting 
E= “cl lq(W)(c) I- lYyc)q(c) -q(i)(c)r(c) I 
il P’ 
i=O 
‘ . 
we then obtain after some rearrangements 
II. B- . I q(c) I 
P 
=E+ Idc)~(c)l+(c)l ldc)l- 
i 
f IP(4 I p 
iI 
i=l 
‘. 
317 
=E+ Iq(c)r(c)I-lr(c)l lq(c)J+lr(c)l 5 ‘q’i;;c)(p 
i=l 
This shows that D 2 0 which proves the theorem. 0 
Now let fee j,( z) be the jth centered form function for f(z) calculated using the recursive 
procedure described in Section 4. We then have 
Corollary. Let 2 = (c, p). Then 
f”(z) CfC(K)W GfC(K-l)(Z) c * *. ~fC(l)W 
Proof. Let the centered form of order K be evaluated as 
fC(K)(Z) =f(c) +f’(c)(z- c) -I- * *. + ;p”,‘;I (z 
where g,(z) = q&Wgd > z is a semi-centered function form. 
evaluated as 
- 4 K-1 + gs(z)(z- c)” 
The centered form of is now 
f .,,+,,(z)=f(C)+f’(C)(Z-c)+ -** +~(;~)$+z-c)“l+gc(Z)(Z-c)K 
where gc( z) is the first centered form function for gs( z). Applying the previous theorem to 
f’“-“(c)/(K- l)! +gs(z)(z-c) 
(i.e. the centered form of first order for some function #) and to 
f’“-“(c)/(K- l)! + gc(z)(z- c) 
(i.e. the centered form of second order for the function 4) the result follows easily. q 
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6. Quadratic convergence for the recursive form 
It was first shown in [5] that the centered form for real polynomials was quadratically 
convergent to the range as the size of the domain tended to zero. This was investigated further in 
[8] and [9] and in a very general form in [7]. 
In the case of circular complex polynomials a restricted form for quadratic convergence was 
established in [23]. This used the concept of diameter inclusion for the discussion of the 
convergence properties of the centered form for circular complex polynomials. It is defined as 
follows (see also [23]): 
Definition. Let Z,, 2, E C(C). If there exists d,, d,EZ such that Id,-d, 1 =2 rad(Z,) and 
d,, d, E 2, then Z, is diameter included in Z, written as 
z, < z,. 
Definition. Let Z,, Z, E C(C) with pi = rad( Z,), pz = rad( Z,) and assume that either Z, 4 Z, 
or Z, + Z,. The DI-pseudo-distance is then defined as 
+(Z,, Z,) = IPz- PII. 
Using the pseudo-distance as well as some results from [23] we now prove the following 
theorem for the centered form of first order. For simplicity we suppress the index 1 for the first 
centered form here and write fc( Z) to denote this form and we also note that we employ O(p) to 
denote a function of order p, i.e. the Landau order symbol. 
Theorem 2. Let f(z) =p(z)/q(z) b e evaluated as a centered form of first ocder fc( Z) = Z, = 
(CC’ rc) over Z = (c, p). Then if WE C(C) is the smallest circle containing f(Z) it follows that 
G(W, Z,> = 0(P2). 
Proof. Let YE C(C) be a disk constructed by setting 
Y=(b, 4lfb4 -f(v) I) 
where u, v E Z are chosen such that 
If(u) -f(v) I = max 
Z,,+=Z 
I f (4 -f (z2) I 
and 
b= i(f(u) +f(v)). 
Then clearly 
Y+W 
as well as 
f(Z) G W and f”(Z) 2Zc. 
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Fig. 1. 
Furthermore, by considering the ‘worst case’ figure (Fig. l), it is easily seen that 
rad( ZC) > rad( W) > rad( Y) > +&rad( W). 
Now writing f(z) as the centered form function of first order we obtain 
fc(4 =f(c) + (C+)/4c(4)(z - 4 
where 
&> = c k-l ry (z _ c)i 
i=o . 
and 
y(i)(c) = ~“+l’(c)q(c)-q”+“(c)~(c) i=O,*_.,k_l 
&)G + 1) ’ 
It is now possible to write 
Then 
= 
~(u-c)-~(u-c)~ 
i #+ ~gi(c)(u-c)i)(u-c) i=l 
- 
i 
$&+ &(c)(u-cy (u-c) 
i=l 1 I 
using the fact that YJ z)/q,( z) is an analytic function having a Taylor series. 
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This means that 
Let p = rad Z and let zr, z2 E Z be the two points such that 
1 z1 - z2 1 = 2p. 
From [23] it follows that 
I f(u) -m I 2 I f(ZJ -f(%> I. 
Replacing u by zr and u by z2 in (12) we obtain 
I fbl) -f(%) I ~~~~lzl~z21~~~l~~(c)(u~c).-'~ ~lJTi(c)(uMc)i+‘l 
rcw 
=2 4c(4 I I P- iit l&(c)IP’+‘- 2 lg,(c)lP’+’ i=l i=l 
=2 p 
II i 
# - E I $Ti(‘) I Pi+‘}* 
i=l 
The radius of the centered form may now be expanded as follows: 
2 l4”‘(4 I pzkc1 
i! 
l p”+yc)q(c) - q”+yc)p(c) I pi 
i=O i=O I q(c) I (i + 9 
PC = 
(q(c) IL f ‘“‘i;yI pl * 
i=l 
= fJ I4”‘(‘) I pikcl I P 1 
i=O 
i! 
“+‘++I(4 - cI”+wP(4 I p’. p. 
I q(c) I (i + 0 I q(c) I * 
(1+ qp)) 
i=O 
= { MC) I +WI( 
I P’(4&) - cmP(C) I + a(p) p 
i 
1 
I q(c) I Id4 I * 
(1+ o( PI> 
= I P’(M4 - q’(c)+) I p + o(p2) 
Id4 I * 
The DI-pseudo-distance between Y and Z, may then be estimated to be: 
Q(K z,> G I P’(4cd4 - cI’(C)P(C) I p + o([2) _ 1 xp k(C) 
Id4 I2 
2 
{I I 
4c(c) - E I&(C) lPL+l) 
i=l 
= o(p*). 
Since W is ‘squeezed’ between Z, and Y within the pseudo-distance, it clearly also follows 
that 
44K Z,) = 0(P2). q 
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7. Quadratic convergence for the semi-centered form 
In the previous section it was shown that the circular complex centered form of first order was 
quadratically convergent in a certain restricted sense. Because of the earlier results regarding the 
inclusion properties of the higher-order forms it follows that the centered form of any order is 
quadratically convergent. 
As in the case of real rational functions discussed in [2], one may pose the question whether 
the semi-centered form is also quadratically convergent. This question is of interest since this 
form has a low computational complexity. 
This question is answered affirmatively depending on certain conditions on the coefficients 
defining the rational function. 
Theorem 3. Lelf(z) =p(z)/q(z) b e evaluated as a semi-centered form 
f&q = -q = (c’, P’) 
over Z = (c, p) E C(@). 
Then if WE C(C) is the smallest circle containing f”( Z) it follows that 
G(Wt Z,) = O(P2)> 
whenever arg( p’( c)q( c)) = - arg( q’( c)p( c)). 
Proof. Using a result of Theorem 2 it follows that if W = (c”, p”} then 
where 
+> = P’(M4 - q’(cMc) 
4(c) . 
Now, equation (10) implies that 
c’ =P(c)q(c)/B 
and 
p, = I P’kMC) I + I q’(cM4 I p + o(p2) 
I q(c) I2 
We then simply calculate 
@(IV zs)=P’-P” 
~ I P’(CM4 I + I d4P(4 I p _ I P’kM4 - CcMc) I p + o(p2) 
Id4 I 2 Id4 I2 
= I P’(M4 I + I d4P(4 I - I P’(4cd4 - e-M4 I p + (qp2) 
Id4 I2 
= O(P2) 
since arg(p’(c)q(c)) = -arg(q’(c)p(c)). 0 
This is clearly a generalization of the result given in [2]. 
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8. The computational cost of the centered forms. 
There are two steps to consider when discussing the computational cost of the centered forms. 
The first step is the algebraic rearrangement of the function considered. Although this is 
essentially a scalar complex problem, it becomes a circular complex problem when implemented 
on a computer using a circular complex machine arithmetic. In that case all the rounding errors 
have to be accounted for. The second step is the actual computation of the centered form over 
the circular domain of interest. The complexity is also appropriately increased if intermediate 
centered forms are required. For simplicity we consider here the complexity, in terms of 
operation counts, of calculating a circular centered form of order K, where all the operations are 
assumed to be appropriately implemented versions of (l)-(5). 
As before we consider f(z) =p(z)/q( z) to be initially in the power-sum form function. 
Furthermore degree(p) = n, degree(q) = m. Initially the complete Horner scheme is calculated 
both for p(z) and q(z) resulting in 
$(n(n + 1) + m(m + 1)) additions 
and 
+(n(n + 1) + m(m + 1)) multiplications. 
Each step of the recursive procedure now requires 1 division and m multiplications. In the first 
step there are min( n, m) additions and in the further steps m additions. 
The total computational cost of the Kth centered form is therefore calculated as 
i(n(n + 1) + m(m + 1)) + min(n, m) + (K- 1)m additions, 
+(n(n + 1) + m(m + 1)) + mK multiplications, 
m divisions. 
The final circular evaluation of fCCKj( 2) consists of of the evaluation of three circular 
complex polynomials of degree K, m - 1 and m respectively as well as one division for a total of 
K + 2m - 1 additions and multiplications 
1 division. 
For small values of K it might be advantageous not to evaluate the complete Horner schemes 
since these account for the bulk of the operations. One might instead proceed directly with 
f(z) =f(c) + (r(z)/&))(z - 4 
where the coefficients of r(z) are calculated in the power-sum form function directly from those 
of f(z) = p(z)/q( ) z as well as through division by the appropriate polynomial by z - c. 
The analysis of the form generated is more difficult than the analysis of the forms discussed in 
the previous sections. 
9. Numerical examples 
In this section some numerical and graphical comparisons are presented for the forms 
discussed in the previous sections. In each case a complex rational function 
f(Z) =p(zVq(z) 
Table 1 
Evaluation 
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Resulting disk Area 
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Power-sum 
Semi-centered 
Centered form of first order 
(2.200 + 0.40741,2.442) 18.72 
(2.200 + 0.40741,2.381) 17.81 
(1.862 +0.34491,0.3555) 0.3970 
is considered where the power-sum coefficients of p(z) and q(z) are given. The circular complex 
arithmetic is implemented as in (1) to (5) taking particular care in capturing all the roundoff 
errors. 
Example 1. In this example the power-sum, semi-centered and centered form of first order are 
considered. 
p(z)=z+2z+3z2+z3 
and 
q(z) = 1+ z + 2z2. 
The results of evaluating f(z) = p( z)/q( z ) over the disk 2 = (1 + i, 0.3) are then given in Table 
1. 
In this case the power-sum form and the semi-centered form gives approximately the same 
result, whereas the centered form of first order gives a large improvement in resulting area. 
In the following examples, the semi-centered form as well as centered forms of first and 
selected higher orders are compared. 
Example 2. In this example f(z) = p( z)/q( z) with 
p(z) =z+z2 
and 
q(z) = 3 + z + 23, 
is evaluated over 2 = (2 + 3i, 0.8). The resulting evaluations are given in Table 2. 
This is shown graphically in Fig. 2 where the large overestimation in the semi-centered form 
(order 0) is to be noted. The two tick marks on Fig. 2 (and subsequent figures) represent 1 and i 
respectively. 
Table 2 
Order Resulting disk Area 
0 (0.8526- 1.629i, 3.2221) 32.60 
1 (0.1660-0.31731,1.562) 7.664 
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Fig. 2. 
Example 3. Here the function f(z) = p( z)/q( z) is defined by 
p(z) = (0.15 - O.li) + (0.15 - 0.12i)z + (-0.2 - 0.2i)z2 
+ (0.1 + 0.3i)z3 + (0.1 - 0.2i)z4 + (0.1 - 0.2i)z5 
+ (0.2 - 0.2i)z6 + (0.1 - 0.2i)z7 + (0.2 - 0.1i)z8 
+ (0.1 - 0.1i)z9 
and 
q(z) = 5.0 + z + z3 
is evaluated over Z = (0.5 + i0.5, 0.8). The results are given in Table 3 and Fig. 3. 
It is noteworthy here that the improvements in the centered form continues with increasing 
order of the form. 
Example 4. A fairly similar example is provided by f(z) = p (z)/q( z) with 
p(z) = (0.1 - O.li) + (0.15 - 0.12i)z + (-0.2 - 0.2i)z2 
+ (0.1 + 0.3i)z3 + (0.1 - 0.2i)z4 + (0.1 - 0.2i)z5 
+(0.2 - 0.2i)z6 + (0.1 - 0.2i)z7 + (0.2 - O.li)z’ 
+ (0.1 - 0.1i)z9 
Table 3 
Order Resulting disk Area 
0 (0.08092 - O.l147i, 5.979) 112.3 
1 (0.03327 - O.O4713i, 6.010) 113.5 
2 (0.03327 - 0.047131, 5.814) 106.2 
3 (0.03327 - 0.047131,5.119) 82.34 
4 (0.03327 - O.O4713i, 4.304) 58.18 
5 (0.03327 - O.O4713i, 3.505) 38.59 
6 (0.03327 - 0.047131,2.935) 27.05 
7 (0.03327 - 0.047131,2.725) 23.33 
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Fig. 3. 
and 
q(2) = 4 + (0.5 + i)z + z3 evaluated over Z = (0.5 + iO.5, 0.6). 
The results are given in Table 4 and Fig. 4. 
Example 5. The last example has f(z) = p( z)/q( z) with 
p(z) = (0.2 - 0.2i) + (0.15 - 0.12i)z + (-0.2 - 0.2i)z2 
+ (0.1 + 0.2i)z3 + (0.1 - 0.2i)z4 + (0.1 - 0.2i)z’ 
+ (0.3 - 0.3i)z6 + (0.1 - 0.2i)z7 
and 
q(z) = 3.0 + (0.5 -t i)z + (0.5)~~ + (0.2 + i)z4 and Z = (0.2 + 0.5i, 0.7). 
The results are given in Table 5 and Fig. 5. 
Table 4 
Order Resulting disk Area 
0 (0.0454 - O.l35Oi, 3.483) 38.13 
1 (0.02547 - O.O7085i, 3.549) 39.57 
2 (0.02547 - 0.070851, 3.301) 34.23 
3 (0.02547 - 0.070851,2.534) 20.16 
4 (0.02547 - 0.07085i,l.806) 10.24 
5 (0.02547- 0.070851 1.376) 5.945 
6 (0.02547 - 0.070851,1.167) 4.277 
7 (0.02547 -0.070851,1.121) 3.942 
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Fig. 4. Fig. 5. 
Table 5 
Order Resulting disk Area 
0 (0.2833 - 0.21431, 3.951) 49.03 
1 (0.1260 - O.O9527i, 3.486) 38.18 
2 (0.1260- O.O9527i, 3.011) 28.49 
3 (0.1260 - 0.095271,2.651) 22.07 
4 (0.1260-0.095271,2.313) 16.80 
10. Conclusions 
The problem of computing good inclusions for circular complex rational functions was 
investigated in some detail in this paper. Explicit formulas were obtained for the power-sum 
form, the semi-centered form and two centered forms. 
Quadratic convergence was investigated for the centered form and the semi-centered form. 
Furthermore, it was shown that the centered form of higher order was an improvement over 
the lower order ones. 
Numerical results show that very good results may sometimes be obtained. 
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